Abstract: Single silicon nanobeam photonic crystal cavity based sensors are systematically analyzed and designed. By using perturbation theory and numerical simulations, both dielectric-mode and air-mode cavities are extensively investigated in terms of sensitivity (S), figure of merit (FOM), detection limit (DL), footprint size, and coupling scheme. The analytical study reveals a sensitivity limit of 1176 nm/RIU and a maximum figure of merit of 5070 for nanobeam cavity based sensors, due to the absorption of light near 1550 nm wavelength. when water is used as the carrier fluid. Design of high FOM (> 4800) nanobeam cavities is demonstrated with S of 291 and 232 nm/RIU for air modes and dielectric modes, respectively. The calculation results indicate that on a 220-nm-thick-silicon SOI platform, it is possible to design a nanobeam cavity based biosensor with DL on the order of 4 × 10 −6 RIU, insertion loss of −30 dB, and cavity length less than 40a (a is the lattice constant). To approach the absorption bounded DL, the presented design is adequate when analyte absorption dominates the loss, regardless if it is for dielectric modes or air modes. These results would be conducive to clarification of the confusion on the priority of air mode and dielectric mode in designing nanobeam cavities based sensors, as well as recent considerable efforts to maximize S and FOM.
Introduction
Interest in developing low-cost disposable sensors has increased rapidly due to urgent demands in lots of fields, including biomedical detection, food safety, environment monitoring, and criminal investigation [1] , [2] . On-chip label-free photonic sensors feature not only low-cost but minimum analyte consumption as well, which is particularly important when only a few samples are available. The essential metric of a refractive index (RI) sensor is the detection limit (D L ), which represents the lowest detectable RI change of analyte in this system. Target parameters such as concentration, quantity etc. are assumed to be related to and deduced from the RI change. Usually, this RI change is transduced into the shift of resonant wavelength of an optical cavity. Therefore, two typical parameters are used to calculate the D L : the sensitivity (S) and the minimum discernable wavelength shift. S is defined as the amount of resonance shift responding to an unit RI change, and the discernable wavelength shift mainly depends on the cavity's quality factor (Q ) and the employed detection system. To evaluate performances of sensors in various implementations, a figure of merit (FOM = Q S/λ 0 ) is used for direct comparison. Here, λ 0 is the resonant wavelength of the cavity.
Various types of optical cavities based sensors have been developed, affording very high quality factors (Q ) and refractive index discernability [3] - [5] . Conventional cavities such as microrings or mircodisks show high Q factor (> 10 5 ) but small sensitivity. The reported sensitivity S of microring sensors is less than 70 nm/RIU and such a sensor usually occupys a footprint over 10 2 μm 2 [6] . Photonic crystal cavity based sensing represents a relatively novel technoloy that is gaining much attention due to its holey-structure, wavelength-scale footprint and high quality factor [7] . Among photonic crystal cavity based sensors, nanobeam photonic crystal cavities (NPC2) gain more and more attention. The unique merits of NPC2s include high quality factor (Q ∼ 10 5 ) on a par with their 2D counterparts and lower modal volume(∼ (λ/n) 3 ), ultracompact footprint (∼ 10 μm 2 ) and inherent waveguide accessibility [8] - [10] . These characteristics of NPC2s make them promising candidates for constructing on-chip label-free photonic sensing units and arrays. By levaraging commercial CMOS technologies, these NPC2s can be easily fabricated on silicon-on-insulator (SOI) wafer with volume production and affordable cost [11] , [12] .
Several groups have reported NPC2 based sensors fabricated on silicon-on-insulator (SOI) substrates. Quan's group presented NPC2 sensors fabricated by Deep UV (DUV) lithography, which show low S of 69 nm/RIU experimentally [12] . Ghazali et al. reported a series of optimized nanobeam cavity for index sensing, the achieved S is up to 171 nm/RIU [13] . Another new design by Hirai et al. improves the S to 200 but with a small Q of 400 [14] . Besides, field ehancement in narrow slots by using parallel multiple nanobeam cavities configuration suggests higher S (∼ 500 nm/RIU) and Q (∼ 7000) [15] - [17] . However, these structures also increase the difficulty of fabrication and light coupling, as well as larger footprint. The NPC2 based sensors also have been demonstrated on glass, polymer and TiO 2 material platform, the experiments show good performance for gas or aqueous sensing [18] - [23] . Recently, quite a few theoretical work [15] , [17] , [24] - [32] try to maximize FOM by leveraging of air modes or slot waveguide structures. However the inevitable light absorption due to carrier fluid has yet to be taken into consideration. A comprehensive investigation is therefore of crucial importance for structural design and implementation of NPC2 based sensors.
In this paper, we theoretically analyze the sensing performances of silicon nanobeam photonic crystal cavities. These NPC2s are implemented with the deterministic design method proposed by Quan et al. in [10] . Plane wave extension (PWE) method and finite difference time domain (FDTD) method implemented by MIT's open-source software package [33] , [34] are used to calculate the sensitivities and Q factors of NPC2s. The absorption limited Q factor is also investigated to figure out the minimum possible D L with typical signal noise ratio (SNR) 40∼60 dB. In Section II, a general pertubation theory description of the NPC2 based sensor is presented. The parameters which mainly contribute to the enhancement of S and D L , as well as their limits are discussed. After that, we present, in Section III, the numerical calculation results by PWE and FDTD method. Both air mode and dielectric mode NPC2s are compared and discussed. Finally, we give a comprehensive suggestion for design and fabrication of ultracompact silicon NPC2 based sensors.
Model and Background Theory
Design of high-Q NPC2s by parameter optimizing usually involves computationally expensive FDTD simulations, and thus, here, we resort to a deterministic design method that has been proven to be efficient [10] . As shown in Fig. 1 , the investigated NPC2 is constructed on a periodic waveguide in which radii of holes are linearly tapered, from the center to the two ends of the cavity. The cladding of the NPC2 is the analyte with refractive index n c that is to be measured. The target resonant frequency of the NPC2 is about 1% off the bandedge frequency ω of the 1-D photonic crystal with hole radius r 1 [10] .
Perturbation theory gives the frequency shift ω of bandedge relative to its original value due to small refractive index change n c of cladding [35] :
where f a is the fraction of optical energy in the analyte and is defined as
Here, V a is the volume that the analyte fills. The sensitivity of the sensor is
Equation (3) can be rewritten within the form of wavelength
and (4) gives the maximum possible S of 1176 nm/RIU (when f a = 1) for aqueous carrier fluid ( n c = 1.318 [36] ) at working wavelength of 1550 nm. For cavity based sensors, the discernable wavelength shift depends on the full width at half magnitude (FWHM) of the resonance [37] 
where λ 0 and Q tot are the resonant wavelength and total quality factor of the resonator, respectively. When the cavity is made of lossless material (silicon is assumed to be transparent at 1550 nm wavelength), one can factor the analyte absorption in the total Q tot
Here, Q i nt is a design related value, and Q abs is inversely proportional to the optical energy fraction of resonant mode in analyte F a and absorption coefficient of analyte α at the working wavelength [38] Q abs = k F a α = n r 2F a n i (7) where n r and n i are, respectively, the real part and imaginary part of the refractive index of analyte. Q i nt is dictated by two parts: out-of-line radiation loss related quality factor Q rad and in-line quality factor Q i nli ne , which are related in the equation
The investigated NPC2 has a Gaussian-like distribution mode profile, which can be ideally fitted by [10] H z = sin(πx/a) exp(−ηx 2 ) exp(−ξy 2 )
where a is the lattice constant, and η is the decay constant of the Gaussian-envelope, which depends on variation of mirror strength
Here, ω a , ω d , and ω m are the air band edge, dielectric band edge, and midgap frequency ω m of each segment, respectively. The decay constant η equals
F a in (7) could be approximated with weighted average of f a since the modes in the nanobeam cavity are gently confined by mode gap
where f i (i=1,· · · ,N) takes separate f a of the radius-linearly-varied unit cell. It is intractable to directly calculate F a from (12), because f i (x) is unavailable, but we note that the Fourier transform of (9) gives the k-space distribution of the cavity mode and shows distribution peaks that locate at ± π a with some width k. The extent of the mode in the Fourier space k is inversely proportional to the mode extend in real space(i.e., the cavity length 2N a) [39] . Therefore, as N tends to infinitely, k approaches zero and one can simplify the resulted F a by taking f i (x) of every unit cell at their respective bandedge frequencies, where k = π a :
where we have assumed a linear variation of f i (x) from the center hole f 1 to the outside hole f N . Although (13) is not rigorous, it is useful to evaluate absorption limited Q abs approximately by combining it with (7). To compare sensors' performance, usually, a figure of merit (FOM) is suggested:
where Q tot is the total quality factor of a cavity. For an ideal lossless nanobeam cavity (Q rad , Q i nli ne are infinite) in which the analyte absorption dominates the loss, the total Q tot is limited by Q abs . Under this assumption and substituting (4) and (7) into the above equation yields
The imaginary part n i of refractive index of water at 1550 nm is 9.8625 × 10 −5 [36] and, thus, the above equation indicates the upper limit of FOM is 5070 for biosensor. Equation (15) indicates that the analyte absorption dominates and that the optimization of S and Q comes into a tradeoff regime. The higher the S, the lower the Q abs , and vice versa.
The discernable wavelength shift (sensor's wavelength resolution) is also influenced by the system noise. Two common classes of noise are amplitude variations and spectral variations. The standard deviation of the spectra variation is written as [37] 
In addition to the above amplitude noise, there are other factors that also contribute to the spectral variation, the thermal noise and spectral resolution. Modern spectrometer usually has spectral resolution σ s p ect−res of the order of femtometer, and although typical 10 fm thermal variation noise σ temp is common, differential channel technique could effectively deal with the temperature fluctuation caused error. For simplicity, only the dominated amplitude noise σ will be considered in the following D L analysis. Using the typical convention of establishing the resolution as 3σ of the noise in the system, the detection limit D L of a sensor can achieve is
Similar to the assumption used in (15), substituting (15) into (17) 
Equation (18) shows the available lowest detection limit of the sensor is determined by the absorption coefficient of the analyte. This equation also reveals that it has little effect on D L improvement by maximizing S and Q i nt when analye absorption dominates. For an aqueous cladding environment and 1550 nm working wavelength, the lowest achievable D L with 40 dB and 60 dB SNR are around 1.3 × 10 −5 and 4.2 × 10 −6 RIU, respectively. As an on-chip photonic sensing unit, the NPC2 based sensor should be waveguideaccessible. The most common two coupling schemes are direct-coupling (see Fig. 1 ) and sidecoupling [40] . Temporal coupled-mode theory gives the transmissions in these two configurations as [41] T s = ( (20) where Q wg is the waveguide-cavity coupling related quality factor. The transmission spectra of these two configurations are both Lorentz line shapes featuring on-resonance pass and on-resonance rejection, respectively. In (20) , the condition Q wg = Q i nli ne in a direct-coupled configuration is assumed. In order to achieve a −3 dB transmission dip in a side-coupled configuration, the Q wg should be smaller than 2.3Q abs according to (19) . The direct-coupled configuration can always realizes a transmission spectrum with extinction ratio hihger than 3 dB, however the transmission becomes very low if the Q i nli ne is much bigger than Q abs according to (20) . For example, when Q i nli ne = Q abs , the transmission is only 25% and results in −6 dB insertion loss (IL). These requirements for high transmission further decrease the total quality factor and, thus, could lower the wavelength discernability. 
Calculation Results and Discussion
In the calculations, the width of the nanobeam is w = a, while the heights h are 0.5a for air modes and 0.52a for dielectric modes. The refractive index of silicon and aqueous cladding are 3.477 and 1.318, respectively. These parameters are chose for discussion without lose of generality by considering the working wavelength around 1550 nm and future implementing these sensors in a widely-used 220-nm-thickness silicon layer wafer. To find out the optimal parameter space, the radius of center holes r 1 is varied from 0 to 0.5a for nanobeam cavities implemented with both air resonant modes and dielectric resonant modes. Since fundamental modes usually have higher-Q factor than high-order modes, only the fundamental mode is considered in the following discussions. Fig. 2(a) shows the band edge frequencies (gap map) of the one-dimensional nanobeam photonic crystals. With the increase of r , the effective refractive index decreases and the band edge moves upward. The photonic band gap achieves a maximum value when r gets around 0.35a. As one can observe in Fig. 2(b) , the air mode always has higher f a than the dielectric mode and affords higher sensitivity to refractive index change. The f a of the air mode becomes three times that of a traditional waveguide as r increases to 0.28a. In order to find a suitable r N for a high-Q nanobeam cavity, the mirror strength γ is calculated as a function of radius variation, for various specific r 1 . The resulted mirror strengthes for air modes and dielectric modes are plotted in Fig. 2(c) and (d) , respectively. Comparing (a) and (c) and (d) of Fig. 2 , we find a larger band gap usually leads to stronger mirror strength. And the calculated results shown in these figures would be excellent initial seeds for the following time-consuming FDTD calculations.
Inserting the data from Fig. 2(b) into (7) and (13), we plot the resulted absorption limited Q abs as a function of r 1 in Fig. 3 . As r 1 increase from 0 to 0.5a, Q abs decrease from 44000 to 7500 for dielectric mode and 41000 to 6800 for air mode, respectively. The result is straightforward that air mode suffers higher absorption loss due to water at 1550 nm, although its higher sensitivity to change of cladding refractive index. At this point, we note that the design of an absorption-limited sensor is to achieve an intrinsic quality factor Q i nt which is far larger than Q abs , since the total quality factor is limited by Q abs from (6) .
It is computationally expensive to run full FDTD simulations to optimize a nanobeam cavity. However, the results of frequency domain calculation as shown in Fig. 2 provide ideal initial seeds such as ω 0 , r 1 , r N . In addition, by use of the symmetries of the nanobeam photonic crystal cavities, the calculation time is significantly reduced and becomes affordable to a personal computer. Fig. 4(a) and (b) show the Q i nt as a function of r 1 with various hole number N , for both air modes and dielectric modes. In these figures, Q abs is also plotted with a logscale axis for an intuitive comparison. Following the design steps proposed in Ref. [42] , r N is taken where the mirror strength γ gets the maximum value when a specified r 1 is given. From Fig. 4(a) , it is found that for air mode cavities Q i nt /Q abs > 10 can be achieved when N is larger than 15 and r is around 0.175a. For dielectric mode cavities, the corresponding values are N = 20 and r = 0.3a. As hole number N grows, the available range of r 1 to achieve high Q i nt /Q abs becomes wider and extends to smaller r 1 . In contrast, the increase of N has little effect on improving Q i nt of cavity with larger r 1 (0.25a for air modes and 0.4a for dielectric modes). In these situations, the effective refractive index becomes very low and serious radiation loss results.
A gentle mode gap confinement by slowly-varied mirror strength usually contributes to high Q rad , and large hole number N is responsible for high Q i nli ne [10] . According to (19) , we know that a direct-coupled NPC2 is more able to achieve lower D L with the same Q abs . In order to approach the absorption dominated D L , it is always useful to engineer the NPC2 in a regime where Q i nt >> Q abs . Having these comprehensive considerations in mind, we design two types of directcoupled NPC2 based sensors, one for air resonant mode and another for dielectric resonant mode. From Fig. 4(a) and (b) , their corresponding parameters are chosen as r 1 = 0.175a, r N = 0.28a and r 1 = 0.3a, r N = 0.23a, respectively. In the FDTD calculations, we have included the absorption of light near 1550 nm by using complex refractive index of water. The sensitivity S is obtained by calculating the wavelength shifts of the NPC2s when their cladding refractive index vary from 1.308 to 1.328. The calculated FOM and IL of these sensors are plotted in Fig. 4(c) and (d) . The calculated Q abs and S are around 2.5 × 10 4 and 291 nm/RIU for air modes, and 3.2 × 10 4 and 232 nm/RIU for dielectric modes, respectively, corresponding well with the results derived from PWE calculations by using (4) and (7) . The FOM increases rapidly as N increase from 10 to 20 for air mode and 10 to 25 for dielectric mode NPC2 based sensors, respectively. Further adding the number of holes contributes little to the enhancement of FOM. However, IL decrease substantially with the increase of N . An IL larger than 30 dB results when FOM exceeds 4500. For the same FOM, the air mode NPC2 sensors show higher IL but more compact footprint than the dielectric mode NPC2 sensors. In implementation, increasing of the input optical power could be the simplest way to address this high-loss challenge.
Finally, we simply discuss practical aspects regarding implementation of these NPC2 based sensors on silicon on insulator (SOI). As to fabricated NPC2s, the total quality factor is also influenced by scattering losses due to sidewall roughness, as well as the deviation of structure due to fabrication imperfection. So far, the reported highest Q factor of NPC2s fabricated on SOI is larger than 2 × 10 5 [8] , [9] . Considering the absorption of water, this Q factor could translate into a FOM above 4500 and achievable D L of 4.7 × 10 −6 , under 60 dB SNR background. It's important to note that although higher S can be achieved by novel structure such as slotted waveguide, subwavelength grating or stack, the accompanying Q tot would be rather low due to increasing scattering loss of rough sidewalls in such structures [28] , [43] - [45] . To conquer these inherent issues, utilizing novel spectrum lineshape or detection method, e.g., Fano resonances [46] - [48] and intensity detection [49] , would be promising solutions.
Conclusion
We have analyzed and designed single silicon nanobeam photonic crystal cavity based sensors. Our theoretical analysis suggests the limits of S and FOM for NPC2 biosensors are 1176 nm/RIU and 5070, respectively, due to the absorption of water at 1550 nm. The calculation results indicate that for 220 nm-thick-silicon SOI platform, D L on the order of magnitude of 4 × 10 −6 RIU around 1550 nm with cavity length less than 40a could be obtained. The optimal r 1 is in the range of 0.25a ∼ 0.3a for dielectric modes and 0.15a ∼ 0.2a for air modes, respectively. For approaching the analyte absorption bounded D L , current high-Q design of ultracompact NPC2s is adequate when analyte absorption dominates the loss, no matter for dielectric modes or air modes. To alleviate this limit, novel spectrum lineshape and detection method such as Fano resonance or intensity detection may be promising solutions.
